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Abstract
The current method of evaluating the coupling characteristics for a resonant microwave
cavity sensor, such as that for the Flexured Mass Accelerometer, is limited to finite-
element analysis, which takes approximately five to six days for one coupler
configuration. The solution presented in this paper is based on segmenting the larger
problem into smaller models, in order to improve design efficiency and optimization.
The "segment" analyzed in this paper is the coupling characteristic from a coaxial line to
a specific TE or TM mode of a cylindrical waveguide. The derived expressions allow for
an efficient way of approximating the amount of power projected onto a TE or TM mode
for any coupler loop configuration. The model was verified by confirming that the total
power radiated into the waveguide was approximately equivalent to the sum of the
powers in the propagating modes of the waveguide. The error associated with this
method ranged from five to seventeen percent. It was further verified that the coupling
intensities were greatly dependent on the relationship between the orientation of the loop
and the magnetic field pattern for a specific waveguide mode. An area for further
development may be to extend this method of analysis to incorporate the entire two-port
cavity structure. Also, the losses associated with the non-idealities in the cavity structure
may be evaluated. The development of these two areas would provide the means for
calculating the coupling characteristic for the resonant cavity.
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Chapter 1
Introduction
The function of a Flexured Mass Accelerometer (FMA) with microwave cavity
sensors is to precisely measure acceleration along a specific vector axis. In the
application of the FMA as a thrust-axis accelerometer in guidance systems, the
acceleration must be measured along an isolated axis such that sufficient velocity
accuracy can be achieved during the boost phase of the mission. The velocity and
trajectory accuracy must also be maintained in the presence of irradiation as well as
acceleration inputs from shock and vibration. A schematic of the FMA is shown in
Figure 1.1, and the cutaway diagram of the FMA microwave cavity sensor is shown in
Figure 1.2.
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Figure 1.1 Schematic of the Flexured Mass Accelerometer
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Figure 1.2 Cutaway diagram of the microwave cavity sensors
2
\1
The sensor consists of two opposing air-filled cylindrical cavities with resonant
frequencies in the range of 17.0 to 18.5 GHz. The endplates of the cavities, as shown in
Figure 1.1, are mounted on a shaft supported by two flexures. The flexure system
consists of a flexing element of minimum anelasticity, a proof mass assembly, and a
damping system that relies on a gaseous squeeze-film effect.' The proof mass is
composed of the moveable endplates of the cavities and their connecting shaft, and this
assembly slides along the cylindrical shaft in response to an acceleration-induced force
applied along the axis of the sensor cavities. This displacement of the proof mass affects
the resonant frequencies of the cavities differentially: one cavity presents an increase in
frequency, while the other presents a complimentary decrease. The external circuit, in
Figure 1.1, locks in the differential output frequencies of the two cavities and provides a
common-mode error subtraction, which is used to discount any bias shifts due to factors
such as temperature variation, cross-axis acceleration, and angular acceleration. The
interconnection between the external circuit and the sensor cavity is provided with
coaxial elements.
The use of a microwave resonant cavity as a displacement sensor has value in
several applications including high-resolution inertial sensors such as the FMA, gravity
wave detection, and gravimetry. The most critical elements of the FMA, with respect to
bias stability and bias repeatability, are the sensor cavity, coupling elements, and phase
detection circuit. This introduces the need to develop efficient design guidelines for
structures coupling signals between the microwave cavity and the external circuit.
Petrovich, Kumar, Lee, and Lawrence, "Recent Developments in Flexured Mass Accelerometer
Technology,"Position and Navigation Symposium,p. 19
3
The primary objective of this project was to develop a more systematic approach
for calculating the sensor cavity resonator and coupler characteristics in order to optimize
the design for future applications or new system requirements. A scattering (S) matrix
was chosen as the final model relating the input to the output signals of the sensor
cavities. The derivation of the resulting S-parameters involved a thorough
electromagnetic field analysis of the current design, with primary emphasis on the coax-
to-cavity coupling regions.
Chapter 2 provides the initial motivation behind the development of the FMA. It
also introduces the advantages of the microwave cavity sensor to other sensor
technologies that had been considered for this application. Chapter 3 explains the driving
force behind this paper: the need for a simplified and segmented model of the sensor
cavity and coupler characteristics. It also provides a brief sketch of the sensor geometry
and the method applied in the derivation of the solution. A thorough, stage-by-stage
explanation of the derivation process is given in Chapter 4. The primary equations and
concepts are provided in the chapter, but a few of the mathematical proofs and analyses
are provided as reference in the appendices. Final results and calculations, along with a
discussion of the accuracy of the model, are presented in Chapter 5, and Chapter 6 closes
the paper with a summary and a discussion of areas for future development.
4
Chapter 2
Background and Motivation for the
Microwave Cavity Sensor Design
The motivation behind the FMA was to develop an accelerometer with the
capability of meeting or exceeding specified strategic boost guidance requirements, while
costing significantly less than current thrust axis accelerometers.' Current guidance
systems primarily use accelerometers based on mechanical gyros, such as the Pendulous
Integrating Gyro Accelerometer (PIGA). The pendulous gyro technique, due to its
excellent performance and resolution capabilities, has been the industry standard since
the mid-1950's. The projected cost of the fully-developed FMA is approximately an
order of magnitude lower than the cost of the pendulous gyro accelerometer. Therefore,
resonant accelerometer technologies have become an attractive potential alternative to the
pendulous gyro for guidance systems.
1 Petrovich, Kumar, Lee, and Lawrence, "Recent Developments in Flexured Mass Accelerometer
Technology," Position Location and Navigation Symposium, p.19
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Another reason for the development of the FMA is its lower parts count. The
complexity of the pendulous gyro accelerometer requires a high number of components,
which add significantly to the cost and manufacturing time. The current design efforts of
the FMA are oriented toward matching or surpassing the accuracy of the pendulous gyro
accelerometer, while meeting all of the performance specification guidelines for guidance
systems.
The microwave cavity resonator was one option among other sensor technologies
considered for this application. Capacitive and optical techniques, both of which are also
used widely in inertial sensor applications, were also viable candidates, but the
microwave sensor displayed some promising advantages for this application. With
respect to strategic boost guidance, an important reason for the choice of the microwave
sensor was that microwave frequencies could be measured against a reference crystal
oscillator, which provides stability of at least 1 part in 107, even in the radiation
environment of the intended mission.
Capacitive sensors based on a voltage readout (as opposed to a time/frequency-
based readout) are popular in inertial sensor applications, but they can only achieve
absolute accuracy with a precision voltage reference. Unfortunately, this type of
reference, unlike the crystal oscillator, cannot provide sufficient stability over a dynamic
range during irradiation. One possible solution to this problem would be to convert the
voltage readout method into a time/frequency method. This would overcome the
instability issues associated with the insufficiency of the voltage reference, but despite
this improved insensitivity to irradiation, the capacitive sensors still cannot reach the high
level of resolution attained by the microwave sensor. The capacitors' component
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properties, such as the dielectric materials, are generally more prone to instability under
environmental extremities, and provide lower Q's than desired for this application.
Temperature sensitivity would also be a greater concern for the capacitive sensor due to
the higher thermal expansion coefficients of the materials that would be used.
Optical interferometric sensors exhibit resolution capabilities that are comparable
to those of the microwave sensor and are, therefore, another area of current research and
development. The optical sensors use signals with smaller wavelengths than the
microwave sensors, so the optical devices would most likely employ smaller physical
dimensions. Hence, the optical sensors have the potential benefit of being more compact
than the microwave sensor, but the resulting decrease in device and component size
introduces an additional degree of complexity in the design and implementation of this
type of sensor.
7
Chapter 3
The Problem and the Proposed
Solution
3.1 The Significance of the Problem
The use of critically coupled cavity resonators in such a highly sensitive
application calls for a more effective approach in calculating the cavity resonator and
coupler characteristics for design optimization. The current method of calculation is
primarily 3-D finite-element analysis, but this method is highly time-consuming (can take
up to days for one cavity model), and it serves only as a post-design verification tool (ie.
after all design and dimensional parameters have been chosen).
In the case of design modifications, the evaluation of coupling characteristics has
proven to be a large bottleneck due to the long run-time of the finite-element analysis
program for the entire cavity structure. Segmenting this larger problem into smaller
pieces would increase design-time efficiency. Therefore, precise analytical models are
needed for each "segment." The "segment" analyzed in this paper is the coupling
characteristic from a coaxial line to a cylindrical waveguide.
8
The design modifications can be quickly verified by evaluating a segmented
model. This eliminates the need for several intermediate, full-cavity simulations. The
results from this model would only require a final validation by finite-element analysis or
other method of validation. While 3-D finite-element analysis continues to be used for
model and design verification, approximate analytical expressions, providing the cavities'
coupling characteristics and losses due to perturbations are needed in the process of
efficiently attaining an optimal configuration.
The ultimate goal is to have the design provide the best response (high loaded Q)
within the given frequency range by carefully manipulating the coupler configurations
and the specific modes of the electromagnetic waves within the cavity. The accuracy of
this model, as with any model, is not expected to be absolute, but approximate.
3.2 The Solution
3.2.1 A Starting Point: Sensor Cavity and Coupler Geometry
CmXxial Lcads Sn sor Cav vty
Sonscr
Fmd PlatcPhase Detector
Crcuit
ScMs'r Cvity Couplrs Annular GOp
Figure 3.1 Schematic of the sensor cavity
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The configuration for the sensor cavity is shown schematically in Figure 3.1. For
the analysis presented in this paper, a more simplified geometry has been considered, as
shown in Figure 3.2. The coaxial lead to and from the sensor cavity is terminated with a
wire loop, short-circuiting the center of the coaxial element to the outer coaxial sheath.
The signal within the coaxial transmission line propagates as a TEM (transverse
electromagnetic) wave, and the waves within the waveguide may be defined by a
superposition of all the transverse electric (TE) and transverse magnetic (TM) modes.
The realistic dimensions of the sensor cavity are provided in Appendix A.
HmniphwrkalRegionof Radiation
Figure 3.2 Coupling port and wire loop termination
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3.2.2 The Method of Analysis
The analytical model for this coax-to-waveguide coupling can be represented by a
2x2 scattering matrix, which is often used to model input-to-output relationships of linear
two-port networks. Figure 3.3 illustrates the correspondence of (a) the input and the
output of the coupling region to (b) the two-port "black box" representation of the sensor.
Coax
Coupler Probe Rioit
Waveguide
(a)
Port I
S
a' -
b 1
Port 2
4- a,
(b)
Figure 3.3 (a) A cross-sectional representation of the waveguide and coaxial line, and
(b) the "black box" representation of the coupling region
The matrix representation of Figure 3.3(b) is:
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b "IfJ
b2 a2
where S is given by:
Sil S12
1 21 S221
This mathematical equivalent of this matrix representation is provided by the following
equations:
b = S11a + S12 a 2  (3.1)
b2 =S 2,a, +S22a2 (3.2)
In the Figure 3.3(b), a, corresponds to the Input signal applied to the coaxial line,
and b2 is the Output signal, taken to be a specific propagating TE or TM mode in the
waveguide. For this analysis it is assumed that there is only a single forward
propagating wave in the waveguide, hence a2 is assumed to be zero. Alternatively, it is
also assumed that the network is lossy, so the energy in the other modes are "lost."
Likewise, b2 is the only signal of concern, so b, and its associated S-parameters (SIi and
S12 ) neglected. Since a2 has been defined to be zero, it is seen from (3.2) that the only S-
parameter of interest is S21. This parameter provides the direct relationship between a]
(input signal) and b2 (output signal):
S21 =b2- (3.3)
a,
The final result is an expression for the amount of power coupled into the
waveguide for a particular propagating mode inside the waveguide. An area for further
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research is to extend the problem by altering the field expressions to satisfy a cavity
instead of a waveguide, and to extend S21 to all output modes.
The method for deriving an expression for the amount of power coupling into the
waveguide involved the analysis of the incident wave from the coaxial line scattering into
an infinite number of TE and TM modes in the cylindrical waveguide. This required
matching, at the junction, the electric and magnetic fields of the input, to the fields
defined by the waves propagating inside the waveguide. The generalized expressions for
the electromagnetic fields in the cylindrical waveguide were constructed for TE and TM
modes. These mathematical proofs are based on solutions to the Helmholtz equation (the
wave equation) in a source-free region for cylindrical configurations.
The calculation of the radiated electric and magnetic fields in the coupler probe
regions of the waveguide, as shown in Figure 3.3(a), required the use of finite-element
analysis. The model incorporated three key elements: a coaxial segment with a loop-
antenna termination and a small, hemispherical region of radiation in the waveguide.
This simplified structure exhibited a reasonable program run-time (1-2 hours, as opposed
to 5-6 days for the entire cavity), allowing for the efficient analysis of a range of coupling
configurations. The transfer characteristics at the coupling ports were derived by
matching the analytical solutions of the electromagnetic fields inside the cavity to the
calculated fields radiated by the input, at a chosen boundary.
13
Chapter 4
The Method
The method for deriving the transfer characteristics of the coaxial elements to the
waveguide was divided into three successive stages. The first stage involved the
complete electromagnetic analysis of the field expressions for the TE and TM modes in
the cylindrical waveguide. In the second stage, the electric and magnetic field values
were calculated by finite-element analysis for the probe coupler region around the
coupling ports. The final stage incorporated the results from the first two stages into an
expression for the amount of power coupling into a propagating mode of the waveguide
from the coaxial line.
14
The Waveguide Solutions
The purpose of this stage was to establish expressions for the electric and
magnetic fields within the waveguide. These expressions were derived for the general
case of TE or TM modes. The equations in this section highlight the key principles of the
mathematical model, but a more detailed derivation is provided in Appendix B.
Figure 4.1 An infinite cylindrical waveguide with corresponding coordinate axes
An infinite cylindrical waveguide is illustrated in Figure 4.1. For this analysis,
only the forward propagating wave was considered. The endplates and perturbations
were neglected. If this derivation were to be extended for the case of the cavity
resonator, then the effects from the perturbations and both the forward and backward
propagating waves must be incorporated into the expressions.
The mathematical expressions for the electromagnetic fields start from the
fundamental time-harmonic Maxwell's equations in a vacuum:
V x E =-jwptH (4.1)
V x H =J+ jo 0OE (4.2)
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4.1 Stage 1:
V.E=p
V-H=O
(4.3)
(4.4)
E and H are complex vectors with the exponential form:
E,H oc e-kzej)t
and the e"" is suppressed throughout the rest of this paper.
Under the source-free approximation of the waveguide (ie. J=O, p=O) (4.1) and
(4.3) to give the wave equation for E:
(4.5)
Likewise, (4.2) and (4.4) combine and give:
(4.6)
These expressions are of the general form of the homogeneous Helmholtz equation:
V 2'+ K2T= 0 (4.7)
For TEm modes, the electric field is "transverse" to the direction of propagation,
so Ez=O. Given this condition, the solution to (4.7), represented in cylindrical
coordinates, is given by:
TK (r,0, z) = [A sin(m 0) + Bcos(mO)]CJ, (Km,,r)e4 (4.8)
where in and n are either zero or positive constants, and A, B, and C are arbitrary
constants. The cylindrical geometry of the waveguide necessitates the use of Bessel
16
V2 E+ 0)2p906E = 0
functions, J,,(Kanr), and Bessel derivatives, J'(K,1r). For a cylinder with radius a, K,,,1a
is obtained from the following expression:
J,(Knna) = 0 (4.9)
where K,,1na designates the nth root of the Bessel function of order m.1 A plot of Bessel
functions and a table of roots are provided in Appendix B.2.
Given these conditions, the expressions for the individual components for the
electric and magnetic fields of the TEm modes in a cylindrical waveguide can be derived
from (4.8) and Maxwell's equations (4.1)-(4.4):
Er(r,0, z) = J00 A TEcos(mO) - B TE sin(mO)]J, (KTEr)e- T Ez (4.10)
(K TE)2 r m mm
E0 (r,0, z) = ]. [A TE sin(mnO) + BTECOS(lfO)]J' (KTr)e- z (4.11)
E,(r,O,z) =0 (4.12)
T TE
Hr(r,0,z) = [A TE sin(mO) + B TE cos(mO)]J' (K,,r)e~ z (4.13)
TTE
He (r,O, z) = E( 2T ATE cos(mO) - B TEsinmO n (KT'r)e- TE z (.4
H. (r,0, z) = [A TE sin(mO) + B TE cos(O)]Jm (K r)e- TEz (4.15)
y is the wave propagation constant which is given by:
y=jkz = j 2og%~op -(K) 2  (4.16)
Ghose, R. N., Microwave Circuit Theory and Analysis, 1951, p.131
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The same method is used to find the field solutions for the TM. modes, but for
this case, the magnetic field is "transverse" to the direction of propagation (Hz=O). The
resulting expressions for TM. modes in a cylindrical waveguide are:
TM
E, (r,0, z) - [A Tm sin(m0) + BTM cos(mO)]J', (KZm r)e-Z (4.17)
K
TM M TM
E (r,0,z)= (K M 2 ( J[A m cos(mO) - BTM sin(mO)]Jm (KTm r)eTz (4.18)
Ez (r, 0, z) = [ATM sin(mO) + BT M cos(mO)]J, (K ' r)eYz (4.19)
Hr(r,0, z) = 2T A cos(mO) - BTM sin(mO)]Jm (K~m r)eYz (4.20)
( K TM)2r
HO (r, 0, z) = " [A TM sin(mO) + BTM cos(mO)]J'm (KTm r)e- z (4.21)
H (r,O,z) =0 (4.22)
4.2 Stage 2: Finite-Element Analysis
4.2.1 The Software Package
The complex nature of the fields associated with the region around the coupling
loop required the use of an analytic package for calculating the fields in that region. A
mathematical derivation of the field expressions inside the coupler probe region is highly
complicated and unnecessary for this application. Instead, acceptable values for the
electromagnetic field distribution can be calculated using a commercial finite-element
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analysis package, and these results can be incorporated into the final model, which is
provided in the next stage. The main benefit of using finite-element analysis is its ability
to solve the approximate field distributions for highly complex geometries.
The finite-element analysis software used for this problem was ANSYS v.5.6.2.
This was the original software package chosen to aid the design of the microwave cavity
sensor. Another candidate considered for this was Ansoft HFSS, another popular finite-
element analysis package, but ANSYS presented some advantages, which made it the
more attractive choice. First, ANSYS allowed for a structural analysis as well as the
electromagnetic analysis. In general, it was a more complete package than HFSS. It also
provided better graphics, which facilitated the visualization of some of the complex
structures.
4.2.2 Modeling the Region
The first part of this analysis was to choose the structure of the coupling region
for modeling. Numerical values for dimensions such as the coaxial radii and material
properties were considered given (see Appendix A). Figure 4.2 depicts the region of the
sensor chosen for modeling. The parts of the coupling region that were necessary for this
analysis were:
" A segment of the coaxial lead into the port
" The wire loop termination
" A hemispherical region of the waveguide surrounding the coupling port
(coupler probe region)
19
The desired data is the field distribution at the hemispherical surface of the model.
WireLoop C'ada1 Leaa
Temniiudhwn
HwnkahrdRionof Radiautin
Figure 4.2 The coupler probe region chosen for modeling
Figure 4.3 shows a detailed split-view of the structure modeled and Table 4.1 lists the
corresponding dimensions and parameters of the model.
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Figure 4.3 Split-view of the model
Variable Description Value
ircoax* Inner radius of coax (wire) 0.0005 m
orcoax* Outer radius of coax (sheath) 0.0020574 m
Hcoax Length of coax 5 * (orcoax - ircoax)
Spherer Radius of hemisphere 5 * orcoax
loopr* Radius of wire loop at termination 0.00075 m
Coaxext Extension of loop into the cavity Varied: Omm, 0.5mm, Imm
*These values were considered "given" test parameters
Table 4.1 Key parameters chosen for model
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Many of the dimensions for this model were chosen somewhat arbitrarily. The
choices were made in an attempt to obtain the most accurate data while keeping the
dimensions small in order to keep the finite-element count low enough to maintain a
reasonable run-time. The length of the loop extension, loopr, into the waveguide was the
main variable parameter, which was set to three different values: Omm, 0.5mm, and
1mm. It was varied in order to evaluate its effects on the amount of power coupled into
the waveguide, and to establish an abstraction of the relative error associated with finite-
element analysis.
4.2.3 Meshing the Model
After building the model, the next step was to discretize, or mesh, the structure by
breaking it up into 3-D finite elements. The shape of the element chosen for this was a
ten-node tetrahedron, a common choice for volumetric meshes in high-frequency
electromagnetic analysis. This element, labeled HF1 19 in ANSYS, is shown in Figure
4.4. Although other shapes were also available, the tetrahedron was chosen because it fit
well into irregular boundaries and allowed for a progressive change in element size
around a curvature without excessive distortion.
22
Figure 4.4 Element HF1 19, a ten-node tetrahedron
The finite element program auto-sized the elements to optimize the fit, but the
maximum element size had to be explicitly specified. The maximum size was chosen to
ensure that the mesh provided no more that about ten nodes per wavelength, which was
an assumed to be an appropriate figure for obtaining relatively accurate results while
keeping the run-time short. The elements in the critical area surrounding the wire were
given smaller maximum sizes in order to obtain more accurate results. The inner coaxial
wire and the outer coaxial sheath were not explicitly modeled, but their effects were
approximated by the boundary conditions set in the next step. The final meshed model,
as shown in Figure 4.5, resulted in approximately 100,000 elements.
23
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Figure 4.5 The meshed model of the probe coupler region, full model (left) and split-view (right)
4.2.4 Applying Loads and Boundary Conditions
The next phase was to apply loads and appropriate boundary conditions to the
model. The relative permeability and permittivity, with respect to the values for air, were
assigned a value of 1. The surface of the hemisphere was defined as an infinite surface,
24
so the input wave was approximated as radiating into a semi-infinite space. The top
surface of the cavity was given an electric wall boundary condition. The electric wall
ensured that there was no tangential electric field at that wall, and, therefore,
approximated that surface as a perfect conductor. The outer surface of the coax was
flagged as a shield. A waveguide port at the top of the coax was defined in order to apply
the excitation conditions. The input power at that port was assigned a value of 1 Watt for
simplicity.
4.2.5 Solving and Data Extraction
Once the complete structure was modeled and meshed, the program solver was
executed in order to find the electric and magnetic field distribution within the model.
The final run-time for this segmented-model simulation was approximately one hour,
which was a significant improvement from the five to six days for the simulation of the
entire cavity structure.
After the program was solved, the data at the hemispherical surface needed to be
extracted. A surface mesh was created around the hemisphere (Figure 4.6), matching up
the new surface elements (triangles) to the existing volume elements (tetrahedrons). The
data that was extracted included the coordinate of the normal vector of each area element
(X,Y,Z), the finite area of each triangular element (dS), and all of the calculated real and
imaginary electric and magnetic field components (Exr, Exi, Eyr, Eyi, etc).
25
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Figure 4.6 Area mesh for data extraction
4.3 Stage 3: The Transfer Characteristics of the Coupling Ports
4.3.1 General Overview of the F Parameters
The S parameters from the scattering matrix model in Chapter 3 can be defined by
F parameters, which are complex factors relating two complex Poynting integrals. The F
parameters associated with the coax-to-waveguide structure are depicted below in Figure
4.7.
26
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Figure 4.7 The F parameters associated with the cavity and couplers
F12 represents the transfer of power from the coax into a propagating mode in the
waveguide. F2 1 represents the reverse case, the coupling from the waveguide into the
coax. It is assumed for now that the waves in the waveguide are only propagating in the
+z-direction, so only F12 is evaluated. The derivation P12 may be extended to satisfy the
boundary conditions associated with the cavity resonator instead of a waveguide, but this
is an area that is left for further development.
Fij, in general, for waves propagating in the +z-direction, can be expressed as the
fraction of power transmitted through a given boundary. In Figure 4.8, two arbitrary
surfaces (Si and Sj) are shown, each having a normal vector (n) and a complex Poynting
vector (E x H*) crossing the surface.
27
n(E I
Figure 4.8 Two arbitrary surfaces (Si and Sj) associated with a waveguide junction, and the complex
Poynting vectors (E x H*) flowing through each surface. Smetai is the surface of the perfect
conductor associated with the junction.
The complex power flowing through a surface (S) is given by the complex Poynting
integral:
f (E x H *).ndS
S
(4.23)
A waveguide junction, as depicted in Figure 4.8, may be defined as a region of space
enclosed entirely by a perfectly conducting metal surface (Smeta), except for one
transmission line that penetrates the surface. 2 lij, evaluated at a given boundary or
junction at z=zo, can be defined as the ratio of the power flowing out of one surface of the
junction (S;), to the power flowing in through another surface of the junction (Si):
f (E x H*) ndS
S' (4.24)f (E x H*) ndS
Si
2 Montgomery, C.G., Dicke, R.H., and Purcell, E.M., Principles of Microwave Circuits, 1965, p. 13 0
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In the current application, Fij may be regarded as the amount of power that is
transferred from one system to another. Since Fij is a complex quantity, its magnitude
represents the magnitude of power transmitted. Therefore, the magnitude of r12
represents the amount of power that is projected from the coaxial line into a specific TE
or TM mode of a cylindrical waveguide.
4.3.2 The Derivation of 712
In order to establish F12, the electric and magnetic field solutions from the finite-
element analysis must be matched to the analytical expressions for the fields in the
cylindrical waveguide. Table 4.2 provides a list of the symbols and their corresponding
definitions used throughout this section.
Symbol Definition Additional Notes
E, H E and H fields on hemispherical surface in the These have the exponential
waveguide, calculated from finite element dependence: e -kz w, where e*
analysis has been suppressed.
Em , Hm E and H fields of propagating TEm and TMm
modes in the waveguide, from analytical
expressions
am Weighting coefficient relating (E, H) to (Em , This variable is complex, but
Hm) does NOT have a z-dependent
phase factor (ie. eYZ)
H*m Complex conjugate of Hm For Em ,H. - eYZ
->H*m cc e'
Table 4.2 List of symbols and definitions
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Since any arbitrary wave can be constructed from a superposition of TE and TM
modes, 3 the electric field at the hemispherical surface, calculated from finite-element
analysis, can be expressed by the following:
E = ECCnEmn (4.25)
m,n
where m and n are non-negative integers. Taking the curl of both sides of (4.25), and
applying Faraday's law (4.2) results in an analogous relationship for the magnetic field:
H = cam,,Hmn (4.26)
m,n
E. and H. refer to the complete set of eigenmode field solutions that can represent any
field propagating in the cylindrical waveguide. The amn factor is the weighting
coefficients associated with a particular mode.
The first goal is to find an expression for u ,.. This can be determined by
matching the analytical waveguide solutions from Stage 1 to the field calculations from
finite-element analysis in Stage 2. If both sides of (4.25) are crossed with H*m and
integrated over the hemispherical surface (Shemi), and the integral over the hemisphere,
f (E,1 ,. x Hm,1) -ndS = 0 for m'n'# mn, then the following relationship results:
sheini
(ExH*,)-ndS= f,)mnEm xH*, -ndS
s,,,,n, sher ( ,n -nd (4.27)
= 
1(@XExH*,)-ndS
3 Staelin, D.H., Morgenthaler, A.W., and Kong, J.A., Electromagnetic Waves, 1994, p. 2 8 6
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where it is assumed that the orthogonality property has allowed one mode mn to be
isolated (This is not proved here, and may not be true. If a non-planar cross-section of
the waveguide is composed of She,,ii and the metal surface of the endplate (S,n), then the
validity of the orthogonality argument over the hemisphere is based on the unproven
supposition that the integral on the right-hand side of (4.27) may be expressed as the
following:
f(En, xH*,)-nds + f(EmnxH*m,)-nds= f(Emn xH*,n )-ZdS (4.28)
SherniSISrs
where Scross is a planar cross-section of the waveguide). Since the integral over the
Poynting vector normal to the surface of a metal is zero, (4.28) becomes:
f(Emn xH*m)-nds= J(Emn xH*,n)-ZdS (4.29)
sh,,,n; Scross
From this point forward, an approximation is obtained by assuming that (4.29) is correct.
This identity implies that the integrals inside the summation are equivalent, and thus the
modes are orthogonal over the hemispherical surface. The relation (4.29) remains
unproved, however.
E (no subscript) in (4.27) represents the electric field calculations from finite-
element analysis along the hemispherical surface (Se,ni). Emn and H. represent the
analytical solutions to the wave equation (Stage 1). Therefore, under the assumption that
(4.29) is correct for any one mode, , mn is given by the following:
J (Ex H *m,,)-ndS
a = emn H (4.30)
'" (Eil x H *,mn) -ndS
Scross
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The denominator in (4.30) may be expressed in closed form:
(4.31)f(En xH* ,,)-ndS = 0 (E,, xH*,,,)zrdrdO
S cos3
where a is the radius of the cylinder. The normal vector to the cross-sectional surface is
simply z, so (4.31) reduces to:
J2(E ,t x H*,n) -zrdrd0 = f" f (EH, * -E, H*)rdrd (4.32)
For TE. modes, substituting (4.10)-(4.15) into (4.32) results in the following expression:
f (Emnx H *,,,)-ndS = ( 2
Scrnss
+B2) ok
(K,,, 2
m
Kmn r
2 (Kmnr) (4.33)
+ (J'm (Kmn r))2 ]rdrdO
The integration of (4.33) results in the following expression4:
f (Emx H *,, )-ndS
Scross
=(A2 + B2/ 7W4Okz a2
2(Kn )2
2
M m2 (Kma)
Km)
+a 2 (J'm (Km, a)) 2 +2aJm (Knna)J', (K,,na)
KmI
The analogous evaluation for TM. modes results in the following expression:
4 Smythe, W.R., Static and Dynamic Electricity, 1950, p. 176
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(4.34)
2)
f(E, x H*, )- ndS = -(A 2 +B 2 { { a2 _ 1Jm2 (Ka)
s11., M 2(K,, )2 )-' K'"" ) (4.35)
2 , 2 2aJm(Kmna)J'm (Kna)
+a ( J,m( Kia))2 +
Kmn
The total complex Poynting integral over the hemisphere may be expressed as:
f(ExH*).ndS= f(,mnEmn X *,, H*mn) -ndS =cmnI2 f(EmnxH*mn) ndS (4.36)
Sjge,0j Shenui Scr.s
In order to determine the fraction of power transmitted from the input port of the
coax to the waveguide, the two surfaces of this waveguide junction at z=O (assuming that
a negligible amount of power is dissipated through the walls of the small length of the
coax), may be defined in the coupler region as shown in Figure 4.9.
0 z
Figure 4.9 Surfaces over which the Poynting integral is evaluated for the coupler region
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Si is the cross-section of the coax defining the input port in the finite-element analysis
model, and Sj is the hemispherical surface of radiation. Hence 1 12 at z=O may be
expressed as the following:
1rnn f2 (Emn xH*mn) -nds
Si
(E x H *)nds
SI Si2 (4 37 )J(E xH*, )-ndS J(En xH*,i )-nds
_________________ SIend
f (EmnxH*mn) -nds f(E x H *)nds
Scross Scoax
Finally, P12 at z=O is defined as the ratio of the complex Poynting integral over a cross-
section of the waveguide (Scross), to the complex Poynting integral over a cross-section of
the coaxial lead (Scoax).
The integral, f (E x H *)nds, in (4.37) is a known quantity, specified as the
S.
input power in the finite-element analysis, and f (E, x Hn *)- nds is a purely real
S_
quantity. Hence, the final expression for 1F12 at z=O is:
2
f (Ex H *mn )-nds
r1217 = ,hem (4.38)
f(E, x*,H* )- nds * (Input Power)
Se,,ss
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Chapter 5
Results and Discussion
5.1 F12 Calculations and Model Verification
In order to verify the method presented in Chapter 4, the TEmn and TM. mode
solutions for the cylindrical waveguide and the field calculations from finite-element
analysis were used to calculate the magnitude of '12 at z=O. The main goal here was to
confirm that the sum of the power for all of the propagating modes in the waveguide was
approximately equal to the power radiated at the hemisphere, which was calculated from
the results of the finite-element analysis. The verification and error calculations were
also necessary to assess any limitations associated with the finite-element models.
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5.1.1 Calculating the Waveguide Field Expressions
The analytic field expressions for the field components derived in the first
stage, as recalled, contained two constants, A and B. Let A and B be defined by the
following:
A = C cos(00 ) (5.1)
B = Csin(00 )
where C is a constant and orepresents an angular offset. Using (5.1), the following
trigonometric functions may be rewritten as shown:
Asin(mO) + Bcos(mO) = C cos(00 )sin(mO) + C sin(00 )cos(mO) (5.2)
= C sin(mO + 00)
A cos(m0) - B sin(m0) = C cos(60 )cos(m0) + C sin(00 )sin(m0)
= C cos(m + 60 )
C was fixed to 1 in order to simplify the calculations. (5.2) and (5.3) were substituted into
the original waveguide expressions (4.10)-(4.15) and (4.17)-(4.22), and the modified
equations were used in calculating '12.
00, a parameter normally varied to maximize the coupling into a specific mode
in the waveguide is defined to be the angular offset from the "starting postion" with
respect to the coordinate axes definitions of field pattern. Figures 5.1 (a) and (b), for
example, show the magnetic field pattern of the TE21 mode rotated through an angle 60.
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(a) (b)
Figure 5.1 Field pattern for the TE21 mode (a) at 00=0 and (b) rotated an angle 0o
5.1.2 Results From Finite-Element Analysis
The fields calculated on the hemispherical surface, from finite-element analysis,
are shown in following pages, in Figures 5.3-5.11. The (x,y,z) coordinate axes are
defined with respect to the finite-element model, shown below in Figure 5.2.
z
FYX
I t **
~ 1
--- I
z
rY
X
Figure 5.2 Coordinate axes definitions for the finite-element analysis results
37
The origin (0,0,0) is located at the origin of the hemisphere. The diagram on the
left-hand side of Figure 5.2 shows the split-view of the finite-element model. The
coupling loop is oriented along the y-z plane. The figure on the right is a bird's-eye
view, looking from the tip of the hemisphere into the coax. The following figures are
based on these "views" of the hemisphere, and they are labeled accordingly.
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Figures 5.3-5.5 correspond to the 0mm loop extension.
E-Field on Hemisphere (0mm)
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-0.006
-0.008
-0.012
0 .01
0.005 - 001
0 0.005
-0.005 00.005
-0.01 -0.01
y x
(a)
H-Field on Hemisphere (0mm)
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-0.004
-0.006 g 87t
-0.01-
-0.012--.
0.01.
0.005 -0.01
0 0.005
-0.005 00.005
-0.01 
-0.01
y x
(b)
Figure 5.3 Field distribution from finite-element analysis for 0mm extension
(a) E-field, and (b)H-field
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E-Field on Hemisphere (0mm)
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E-Field on Hemisphere (0mm)
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0.005
Figure 5.4 E-field for 0mm extension (a) view from the waveguide to the coax (x-y plane), and
(b) view of the plane of the loop (y-z plane)
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H-Field on Hemisphere (0mm)
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Figure 5.5 H-field for 0mm extension (a) view from the waveguide to the coax (x-y plane), and
(b) view of the plane of the loop (y-z plane)
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Figures 5.6-5.8 correspond to the 0.5mm extension.
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Figure 5.6 Field distribution from finite-element analysis for 1mm extension
(a) E-field, and (b)H-field
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E-Field on Hemisphere (0.5mm)
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E-Field on Hemisphere (0.5mm)
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(b)
Figure 5.7 E-field for 0.5mm extension (a) view from the waveguide to the coax (x-y plane), and
(b) view of the plane of the loop (y-z plane)
43
H-Field on Hemisphere (0mm)
0.01 - - -- 
-
0.005. - . - - -. - --..---
> - - - - - ~ -- -- -3-
-0.005 -- ~ - .
-
-0.013-- - -
- -
-
-0.01 -0.005 0 0.005 0.01
X
(a)
H-Field on Hemisphere (0.5mm)
0 .0 ......
>. 04 ..... ....~ .. . 3 3- - ~ .~
-0.00-- - -.- - . . - - ..
~ - -- -5
-0.014 --- -- 
-
-0.005 --2  - - .2-
-0.008- --3.---- ._..._._
-0.0 -- - - - - - --- -
-0.012
-0.01 -0.005 0 0.005 0.01
y
(b)
Figure 5.8 H-field for 0.5mm extension (a) view from the waveguide to the coax (x-y plane), and
(b) view of the plane of the loop (y-z plane)
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Figures 5.9-5.11 show the results from the 1mm extension.
E-Field on Hemisphere (1mm)
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Figure 5.9 Field distribution from finite-element analysis for 1mm extension
(a) E-field, and (b)H-field
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Figure 5.10 E-field for 1mm extension (a) view from the waveguide to the coax (x-y plane), and
(b) view of the plane of the loop (y-z plane)
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Figure 5.11 H-field for 1mm extension (a) view from the waveguide to the coax (x-y plane), and
(b) view of the plane of the loop (y-z plane)
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The numerical results from each area element on the hemisphere included the
coordinates of the normal vector (X,Y,Z), the finite area of the element (dS), and the real
and imaginary parts of the x, y, and z components of the electric and magnetic field (Exr,
Exi, Hxr, Hxj, etc). The total electric and magnetic fields on the hemisphere may be
respectively defined as:
E =(Exr + jExi)x + (Eyr+ jEi)y + (Ezr + jEz,)z (5.4)
H M (Hxr + jHx,)x+( Hyr + jH yi)y +( Hz, + jHzi)z (5.5)
The normal vector may be calculated from the (X,Y,Z) coordinates:
n =n, +n, +nz (5.6)
where the x, y, and z components are given by:
X
nx = x
x + 2 +z
4 X 2 +Y 2 +Z 2 (57Y
n, = - Y (5.7)
z
n =zY X2 +y2+Z2
5.1.3 Final Expression for F1 2
The expression for 712 at z=O, as recalled from (4.38) was:
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2f (E x H *, )-nds
F12L= = She,,, (5.8)
(En x H * ) nds * (Input Power)
Scross
where E is the calculated electric field from finite-element analysis, given by (5.4), and
E. and H*mn are known expressions for the TEm or TM. modes in a cylindrical
waveguide. The Input Power is a specified value from the finite-element model (1 Watt).
The E-field distribution calculated on the hemisphere must be modified for
different loop orientations with respect to the defined axes of the waveguide field pattern.
The rotational angle of the loop orientation is depicted in Figure 5.14 as $. d represents
the radial offset of the loop from the center of the waveguide, which is a significant
variable in the case of the original two-port cavity configuration, with radially symmetric
couplers.
d
Figure 5.14 Coupler loop orientation and radial offset with respect to the waveguide pattern
Figure 5.15 shows four possible loop configurations, with respect to Figure 5.14.
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4, = 0: = irJ2
~ = , ,,
Figure 5.15 Coupler loop orientations used in calculations of F12
E, from finite-element analysis, may be written in terms of $. The rotated
versions of the electric field components are label with a" '":
E',= E, cos $ - E, sin $
E', = EX sin $+ E, cos$ (5.9)
E'= E7I
These are the appropriate expressions to substitute into (5.8).
Since the results from the finite-element analysis were given in Cartesian
coordinates, a coordinate transformation of Hmn* was necessary in order to evaluate
E x H,, *. The coordinates of the magnetic field expressions were transformed into
Cartesian coordinates by fixing 0= 0, so that:
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H, = Hr 10=0
H, = H9 1|=0
H = Hz 10=0
For TEm modes, H*m, is given by:
H*mn (TE)
k
- 1sin(O0)J'm (K,,,r)(sin(kz)+ jcos(kz))x
Kmn
+ k 2 -cos(0 0 )Jm (Knr)(sin(kz) + jcos(kzz))y
(Kmn) r
+ sin(00 )Jm (Kmnr)(cos(k z) - j sin(k, z))z
For TMmn modes, H*m is:
H*mn (TM) = 2 cOs(O0 )Jm (Kr)(sin(k.,z)+ jcos(kzz))x
(Kmn )2 r
- sin(00 )J'm (Kn r)(sin(k ) + j cos(k, z))y
Kmn
Since the coupler is off-center, r, in (5.11) and (5.12), is set to the value of the radial
offset of the coupler (shown as d in Figure 5.14).
The integral (Ex Hmn*) ndS was evaluated in Chapter 4, and is recalled as:
Scrs,
f(E,, xH*, -ndS = (A 2 + 2 m ok
Sross 2(Kmn )
a 2 - ( n
K,
2
m2 (Ka)
+a2 ( m(Kmna)) 2 + 2aJm(K,na)J'm (Kmna)
Amn I
(5.13)
for TEmn modes, and:
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(5.10)
(5.11)
(5.12)
f(EmnxH* ,,,)ndS = (A 2
Ss
2 (K ok22(Kmn Y ILa 2_ nKm,
+a 2 (J', (K a))2 +2aJ(K
)2 j 2 2K,,a)
a)J'1 i (Kf? a)
(5.14)
for TM. modes. The constant (A 2+B 2) may be re-expressed by substituting (5.1):
A 2 +-B 2 =C 2 cos 2 (0 0 )+C 2 sin 2(0 0 )
= c 2
=1
(5.15)
as it was previously defined.
Substituting all of the appropriate expressions into (5.8), and replacing E with E',
the following expression for F12 at z=0, for TE modes, is given:
{E'xH*, (TE)}- (n, +n, +nz)d
2(K_)2
2
SI
K,,a
2 .. ) + (JM (K .. 2J (Kmna)J'm (Kna)
Kmna
where E' and H*.(TE) are given by (5.7) and (5.9), respectively. The analogous
evaluation for TM modes gives:
2 Kmna
{E!KH*mn (TM)}-(n, +n, +nz)d2
21' (5.17)2,m (Kmna) +('M (K, 1na))2 + 2J (Kmna)J' (K ,a) (1 Wat)Kmna
where H* (TM) is given by (5.10).
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12 ZO = (5.16)
(} Wat)
=12 =O
5.1.4 Calculations and Verification of F12
For an input power of 1 Watt into the coax, the ideal result would be:
SRe f(E x H*) -ndS = I In f(Emn xHmn*) -ndS (5.18)
2 s. 2M' ,=, s
where 712(nn)I represents the amount of power projected onto a specific mn mode in the
waveguide. Since the quantity on the right-hand side of (5.18) is purely real, so the Re{}
operator has been neglected. This expression states that the time-averaged power
radiated at the hemisphere should be equal to the time-averaged sum of the power of all
of the modes in the waveguide.
The time-averaged power at the hemispherical surface of the finite-element model
was calculated for the three different lengths of loop extensions (0mm, 0.5mm, and
1mm). The time-averaged power was approximated by the following equation:
_Re{ s(ExH*)-ndS } Re {(E xH *)-(nin +nz)dS (5.19)
where i is a specific finite-element, and the total power is summed over all of the area
elements (-700 total area elements on hemisphere). These calculations are presented in
Table 5.1.
53
Loop Extension (mm) Time-Averaged Power (Watts)
0 0.0669
0.5 0.1146
1.0 0.2377
Table 5.1 Time-averaged power at hemispherical surface, calculated for each loop extension
In order to verify the expression for 112 at z=0 as a reasonable approximation,
sample calculations for various TE. and TM. were necessary. It was assumed that for
a radius of the hemisphere that was much larger than the loop extension, the majority of
the power would be in the propagating modes. Hence, the evanescent modes were
neglected for this verification. The possible propagating TEn and TM. modes were
determined for a given frequency and waveguide radius. The cut-off condition was
determined by the following expression:
Kni a<w (5.20)
The radius for these calculations was chosen to be 1.4cm, and the frequency was set to
16.9GHz in the finite-element analysis program. This resulted in a total of six possible
propagating modes: TE11, TMOI, TE21, TEO, TM11 , and TE31. The magnitude of F 12 was
calculated for each of the propagating modes, with 0=0, 6o=mr/2, and d=0.01m (radial
offset). The 17121 results are given in Table 5.2, for a lWatt input into the coax.
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TE11  TM01  TE21  TEol TM11  TE31
0mm 0.0228 0.0022 0.0432 0.0829 0.0006 0.0190
0.5mm 0.0347 0.0002 0.0601 0.1030 <0.0001 0.0658
1mm 0.0625 <0.0001 0.1075 0.2104 <0.0001 0.1186
Table 5.2 IF121 of the propagating modes, for each loop extension
The highest values of 117121 were apparent for the TEol mode, and the lowest values
of JIF 121 were associated with the TMOI mode. Judging from the magnetic field plots
(Figures 5.16 and 5.17) of these two modes, these were reasonable observations for this
loop orientation. For a loop antenna, the coupling should have been the strongest when
the magnetic field was perpendicular to the plane of the loop. In the case of the TEoi
mode, there was only a radial component of the magnetic field, so the coupling was
expected to be quite strong for that mode, for this particular loop configuration. For the
TM01, there was only an angular component and no radial component of the magnetic
field, thus the coupling for this configuration was quite weak.
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TE
Figure 5.16 Coupling configuration and magnetic field plot for theTEOI mode
IFI
A
TMGI
Figure 5.17 Coupling configuration and magnetic field plot for theTM0 1 mode
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The IF1I values were substituted into the right-hand side of (5.18) for each
coupler extension, and the percent of error from the values in Table 5.1 were calculated.
These results are given in Table 5.3.
Loop Extension Error
0mm 17%
0.5mm 15%
1mm 5%
Table 5.3 % error calculated for each loop extension
The power from all of the propagating modes appeared to sum up to a value that was
relatively close to the total power radiated at the hemisphere. This may suggest that the
approximation used in Chapter 4, regarding the orthogonality of the modes over the
hemispherical surface may be a reasonable approximation for this application.
The coupling, as expected, was stronger with longer loop extensions into the
waveguide, and the error associated with a longer extension was lower. One explanation
for the increasing error with shorter extensions may be related to the intensities of the
calculated field for shorter extensions. The finite-element method has an error associated
with the discretization of the model (in next section). As the calculated field intensity (ie.
numerical values for E and H) becomes smaller, the percentage of error may increase for
each element in the model. Hence, the summation of the error from all of the elements
would show this effect to a greater degree. Although, the error associated with the longer
loop extension is much lower, and the coupling of power is much higher, a precaution is
that when the waveguide is replace with a cavity resonator, there is a limit to the effect of
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increasing the loop extension. For a microwave cavity sensor with a second coupling
port, too much of an increase in the extension of the loop may lead to overcoupling, and
decrease performance of the device.
5.2 Error Associated with Finite-Element Analysis
There are three built-in sources of error associated with finite-element analysis:
" Discretization error
" Formulation error
* Numerical error
A small element of error is introduced when a continuous system is modeled by set of
discrete elements, such as approximating a curve with a series of straight lines. There is a
trade-off between a small discretization error and small run-time. For example, smaller
element sizes reduce this error, but also result in a longer run-time due to the increased
number of elements.
The formulation error is a result of the use of elements that do not precisely
describe the behavior of the problem. For example, the finite-element analysis of Stage
2, approximated the top cavity surface as an electric wall. This approximation assumed
the cavity surface to be a perfect conductor, when it is in fact a metal with a finite
conductivity. The program also approximated the region of radiation as an infinite half-
space, when it was actually a region inside a cylindrical cavity. For engineering
purposes, these approximations are increasingly valid to the extent that the conductivity
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is high and that the length scales associated with the coupling port are much small than a
wavelength, as was the case here. However, the cavity diameter is not much greater than
a wavelength and the effects of this are important, but unknown. That is, the neglected
evanescent waves will contribute to the junction behavior.
As with any mathematical software, there is a small error associated with the
numerical calculations of the program, otherwise known as round-off errors. Again, for
engineering purposes, these do not contribute greatly to the total error. Thus, any slight
inaccuracies in the results of the finite-element analysis are mostly contributed by
discretization errors, but total error is small enough so that the model may be used as a
valid approximation for this analysis.
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Chapter 6
Conclusion
The method previously used in calculating the S-parameters of a microwave
cavity sensor was finite-element analysis. Although this method has provided a good
high-frequency electromagnetic analysis of the cavity structure, it has proved to be
extremely time-consuming (-5 to 6 days run-time for one configuration). This called for
a more efficient way of calculating the transfer characteristics of the microwave cavity.
One method of simplifying the problem was to segment the entire cavity structure
into smaller components, which may be later combined to provide the necessary
equivalent S-parameters of the cavity. This segmented approach of analyzing the larger
problem required the derivation of accurate models representing each of the "segments."
The analysis prese.nted in this paper focused on one component of the problem: the coax-
to-waveguide power transfer characteristics. The result allowed for more efficient
calculations of the amount of power coupled into the waveguide for a given propagating
mode.
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The procedure used to derive the expressions for the power transfer characteristics
from the coaxial line to the waveguide was divided into three successive stages. The first
stage involved the derivation of the field expressions for the TE and TM modes in the
cylindrical waveguide. The next step was to calculate the field distribution at a particular
surface in the waveguide using finite-element analysis. The final stage matched the two
solutions at the coax-waveguide junction into a final expression that provided the amount
of power projected into the waveguide, for a specific propagating mode, given an input
into the coaxial line. It was assumed that there was only a single forward propagating
wave, and that modes were orthogonal over a non-planar cross-section. The latter,
however, was not proved.
Once the final expression was derived for the coupling region, the calculations of
the transfer characteristics were verified by confirming that the sum of the power
propagating in all of the TE and TM modes was approximately equivalent to the radiated
power calculated from the finite-element analysis results. This suggested that the
assumptions made above were reasonable approximations for this formulation.
The relationship between the coupling and the field pattern for a given loop
orientation provided expected results: the coupling was the strongest for the modes with
a large magnetic field component that was perpendicular to the plane of the loop. The
error associated with the derivations ranged from 5% to 17%, most likely due to the error
from the finite-element model. These simplified expressions were derived in terms of
different coupler configurations, so the transfer characteristics may be evaluated for a
complete sweep of rotational and radial positions, all within hours. The previous method,
using a full cavity finite-element model, would have taken days for a single
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configuration. This approach to evaluating the microwave cavity will enhance the
efficiency and optimization of the design of the sensor.
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Appendix A
Microwave Cavity Dimensions
The following diagram and table provide the dimensions of the cavity and coaxial
elements.
R5R7
R6 :1:-7
DI
RI
R2
4R3
R4
T Z
Figure A.1 Dimensions of the cavity
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Label Description Value (mm)
DI Cavity height 20.828
D2 Cavity top thickness 6.35
RI Coaxial offset 9.398
R2 Cavity inside radius 16.7005
R3 Cavity outside radius 21.8059
R4 Proof mass radius 16.5608
R5 Coax outer conductor inner radius 2.0574
R6 Coax inside conductor radius 0.635
R7 Coax outer conductor outer radius 3.175
Table A.1 Dimensions of the cavity
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Appendix B
Electromagnetic Field Expressions
Inside the Waveguide
B.1 TE and TM Modes in Cylindrical Waveguides
The derivation of the expressions for the electric and magnetic field expressions
begins with the time-harmonic Maxwell's equations in free space:
V x E = -jog0 H
VxH =J + joE
V-E=p
V -H = 0
E and H are complex vectors with the exponential form:
E,H oc e jkz e JO"
and the e'" is suppressed throughout the rest of this derivation.
In a source-free region, J=O and p=O. Therefore, (B.2) and (B.3) respectively
reduce to:
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(B.1)
(B.2)
(B.3)
(B.4)
VxH = joE (B.5)
(B.6)V-E=O
Taking the curl of (B.1) and substituting (B.5) into the right-hand side of the equation
gives:
Vx(V xE)= 2 OFOE
Using the vector identity for any vector, A:
V x (V x A)= V(V -A) -V 2 A
and equation (B.6), the wave equation for E is obtained:
V2E + 02 o OE = 0 (B.7)
A similar method, instead using (B.4) and (B.5), is used to find the wave equation for H:
V 2H +0 2 gOEOH =0 (B.8)
Both (B.7) and (B.8) are also known as the homogeneous Helmholtz equation of the
general form:
V2T + K 2 P= 0 (B.9)
For the remainder of this derivation, the vector variable, T, is used to represent the
solution to the generalized Helmholtz equation of (B.9).
For an infinite cylindrical waveguide, T is independent of z, and it takes on the
form:
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T(r, 0, z) = T(r, 0)e- (.
where y is the propagation constant. This allows for a separation of the transverse and
longitudinal components of T:
T(r,0) = TrT(r,0)+ zWz (r,0) (B.11)
The subscript, T, denotes the transverse components (r- and 0-directed) of the solution.
Substituting (B. 11) into (B.9) and applying the Laplacian in terms of the transverse
component,
V 2 =V +
az2
the resulting equation is:
V T (r,0)+(2 + K 2 )'{'z(r,0) =0 (B.12)
where K =w E0 is the dispersion relation.
In cylindrical coordinates, (B.12) can be rewritten as:
a2  + T + a2  1 a2 2 + opo2 =0 (B.13)
2 r 302 r 2  +(2
Tz is written as a product of functions of r and 0:
Tz (r,0) = R(r)S(0) (B.14)
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(B. 10)
Substituting (B.14) into (B.13) and applying the method of separation of variables, the
resulting equations are:
,d2R ldR 2 2
r 2 +--+(y +a)poEo)Rj R=O (B.15)drr dr
1 d 2S
d +m 2 S =0 (B.16)
S d02
The solution to (B.14) is simply given by:
S(0) = A sin(mO) + Bcos(mO)
m2 is the separation constant, where m is an integer. A and B are arbitrary constants. The
solution to (B.15) is of the form:
R(r) = CJm (Km,, r) + DNm (Kn r)
where J,,(K,,,r) and N,.(K,,r) are Bessel and Neumann functions, respectively, and C and
D are arbitrary constants. Kma is the nth root satisfying the equation:
Jm(K,,a) =0
Since the Neumann function has a singularity at r=0 (graphically shown at the end
of this appendix), D is set to zero and the solution for Tz(r,0) becomes:
T (r,0) =[Asin(mO)+ Bcos(mO)]Jm (Knr) (B.17)
where the constant C has been incorporated into A and B. Therefore, the general solution
for the z-component satisfying (B.9) is:
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T- (r,O, z) = [Asin(mO)+ Bcos(nO)]J,, (K,,,r)eY 
For TEm modes, E, = 0, and H, can be written in terms of (B.18):
Hz (r,0, z) = T(TE (, z) = [A TE sin(mO) + B T E cos(mO)]J (Kr)e T E (B.19)
The transverse components of E and H can be found using the following equations
derived from Maxwell's equations :
ET =12- j(O T X z - VT Ez )(B.20)
Km
HT = 1(jOEOVTxzEz -YVTHz) (B.21)
Substituting (B.19) and Ez=O into (B.20) and (B.21), the final expressions for the TEm
mode are derived:
Er(r,0, z) = Ijmp - A TEcos(mO) - B TE sin(O)]Jn (KTir)e- TE (B.22)
(K ) 2 r j
E0 (r,0, z) = [ATE sin(rnO) + BTE cos(O)]J'n (KTr)e- TEz (B.23)
Ez = 0 (B.24)
TE
Hr(r,0,z) = TE [A TE sin(mO) + B TE cos(mO)]J'm (KTr)e T Ez (B.25)
TE
H,(r,,z)= -YE 2 [A TE cos(mO) - B TE m n (KTir)e~ TE (B.26)(KTE )2 r)
Hz (r,0, z) = [A TE sin(mO) + BTE cos(m0)]Jm (K r)e~ TEZ (B.27)
Staelin, D.H., Morgenthaler, A.W., and Kong, J.A., Electromagnetic Waves, 1994, p. 320
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(B. 18)
A similar method is applied for TM. modes, but with Hz=O, and Ez taking the
form of (B.18), and the resulting equations are:
TM
E, (r, 0, z) - -7M [A Tm sin(mO) + BTM cos(mr)]J', (Kb' r)e-Y
K,
mn
TM(mTMM
E. (r,0, z)= ( K 2  )A J cos(m0) - BTM sin(m0)]Jm (Klm r)e-
Ez (r, 0, z) = [A TM sin(mO) + BTM cos(mO)]Jm (Klm r)e- T z
Hr(r,0,z)= TM 2
(Km  r
HO (r,0, z) = KWTM [A TM
Kn
ATm cos(mO) - BTM sin(mO)]Jm (Km r)e-
sin(m0) + BTM cos(mO)]J'm (Klm r)e~
Hz (r,0, z) = 0
(B.28)
(B.29)
(B.30)
(B.31)
(B.32)
(B.33)
B.2 Bessel Functions
Figure B. 1 illustrates the first three orders of the Bessel and Neumann functions.
It is apparent that the Neumann function has a singularity at zero. Table B.1 gives a list
of the roots of Bessel functions and their derivatives for various TEm and TM. modes.
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I.
EI
5
z
- I
0 1 2 3 4 5 6 7 8 9 10
K1r,,,,
Figure B.1 A plot of the Bessel functions of orders 0,1, and 2 (JO, JI, and J2) (top),
and of the Neumann functions of orders 0,1, and 2 (NO, N1, and N2) (bottom)
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I
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No
I i /
J,
\ 
x
\ /
Mode Root of Root = Kmr
TE J' 1.841
TMoi Jo 2.405
TE21  J' 2  3.054
TM1 1, TEO Ji, J'o 3.832
TE31  J' 4.200
TM21  J2 5.135
TE41  J'4  5.3
TE 12  J'i 5.33
TM0 2  Jo 5.52
TM 31  J3  6.379
Table B.1 Roots of Bessel functions and Bessel derivatives for various TE and TM modes 2
2 Montgomery, C. G., Dicke, R. H., and Purcell, E. M., Eds., Principles of Microwave Circuits, 1965, p. 4 1
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